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COLUMN STRENGTH OF TUBES ELASTICALLY RESTRAINED AGAINST ROTATION
AT THE ENDS

By WirLiam R. Oscoop

SUMMARY

A study was made of the effects of known end restraint
on commercially available round and streamline tubing
of chromium-molybdenum sieel, duralumin, stainless steel,
and heai-treated chromium-molybdenum steel; and a more
accurate method than any previously arailable, but still a
practical method, was developed for designing compression
members in riveled or welded structures, particularly
aireraft.

Two hundred specimens were fested as short, medium-
length, and long columns with freely supported ends or
elastically restrained ends. The test specimens were
centered under load on Enife edges held in carriers, and
the free lengths were compuled by a rational method not
heretofore used. Tensile and compressire tests were made
on each piece of original itubing from which column
specimens were cut. The column data were reduced with
the aid of these tests, and formulas were consiructed to
represent the column strengths in terms of specified tensile
wyield strengths of the four materials used.

It was found possible to extend work done by Bleich on
the design of elastieally restrained compression members
in bridges and to present a method that should be suitable
for designing such members in aircraft. The design is
Jfacilitated greatly by the use of tables and a nomographic
chart, both included in this paper. A numerical example
18 also given.

INTRODUCTION

Compression members, particularly in riveted or
welded structures like bridges and fuselages of airplanes
are columns elastically restrained against rotation at
the ends, and the strengths of such members lie between
the strengths they would heve if perfectly free to rotate
at the ends, on the one hand, and if perfectly fixed at
the ends, on the other hand. The interest of the
Bureau of Aeronautics, Navy Department, and of the
Neational Advisory Committee for Aeronautics in the
strengths of compression members of the kind men-
tioned led to the transfer of funds to the National
Bureau of Standards in July 1928 and thereafter for an
investigation of the subject.

The column strengths of round and of streamline
tubular specimens of chromium-molybdenum steel, of
duralumin, of stainless steel, and of heat-treated

chromium-molybdenum steel have been studied. The
diameters of the round tubes ranged from 1 inch to 2
inches and the basic diameters of the streamline tubes
from 1% to 2% inches. The thicknesses of both sets of
tubes ranged from 0.035 to 0.083 inch. Tests were
made which included comprehensive tensile and com-
pressive tests of the material used, 186 tests of speci-
mens gs initially centrally loaded columns with freely
supported ends and with various known equsl elastic
restraints at both ends, and 14 such tests with one end
freely supported and the other end restrained elasti-
cally in a known manner. In this paper these tests
are described, and the column tests, further, are inter-
preted in the light of the double-modulus theory of
column action and sre related to the mechanical prop-
erties of the materials of the tubes. The question of
designing elastically restrained compression members
is also considered.

The author is particularly indebted to Dr. L. B.
Tuckerman for advice and suggestions during the
progress of the investigation, and to several other
members of the Engineering Mechanics Section of the
National Bureau of Standards for ideas and helpful
suggestions in smoothing difficulties encountered from
time to time in the laboratory work. If is a pleasure
to acknowledge the assistance received in this way.
Mr. E. E. Lundquist of the National Advisory Com-
mittee for Aeronautics was much interested in the
problem of designing compression members elastically
restrained against rotation at the ends and offered
valuable criticism of the section on the design of such
members. His comments resulted in a great improve-
ment in this section.

The author wishes also to express appreciation for
the tubing donated by the Aluminum Co. of America,
by the Summerill Tubing Co., and by the Navy De-
partment, and for the heat treatment of the heat-
treated chromium-molybdenum-steel tubing by Metal-
lurgical Laboratories, Inc.

A considerable part of this paper was submitted as a
thesis in partial {fulfillment of the requirements for the
degree of Doctor of Philosophy in engineering in the
graduate school- of the University of Illinois, 1933.
Acknowledgment is here made for permission granted
by the graduate school of the University of Illinois to
use this material.
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MATERIAL AND MATERIAL TESTS
THE MATERIAL AND ITS PREPARATION FOR TEST

The round chromium-molybdenum-steel tubing had
been bought under U. S." Army Specification No.
57-180-2A now covered by U. S. Army Specification
No. 57-180-2C, the equivalent of Navy Department
Specification 44T18c, Feb. 1, 1937: Tubing, Steel
(Chrome-molybdenum) Round, Seemless (Aircraft Use).
In the latter specification:

The specified minimum yield strength was raised from 60,000
to 75,000 1b. per sq. in, for the sizes of tubing that were used,
and a more precise method of determining the yield strength was
specified.

The specified minimum elongation in 2 in. was raised from 10
to 12 percent for sizes 0.036 to 0.188 in. thick.

The round duralumin tubing, donated by the Alwmi-
num Co. of America, Pittsburgh, Pa., was supplied to
conform with Navy Department Specification 44A2,
now covered by Navy Department Specification
44T21b, May 1, 1987: Tubing, Aluminum-alloy (Alum-
inum-copper-magnesium-manganese), Round, Seamless,
Condition ‘T, heat treated. In the latter specification:

The specified minimum yield strength was raised from 30,000

to 40,000 1b. per 8q. in., and a more precise method of determmmg
the yield strength was specified.

The specified percentage elongation in 2 in. was lowered by 2
for all sizes covered in the earlier specxﬁoa.tmn (4 to 8% in,
inclusive, nominsal outside diameter).

The round stainless-steel tubing was bought under
Proposed Navy Department Specification M-55b,
temper C tubing, now covered by Bureau of Aeronautics
Specification 44T27 (INT) 22 April 1937 for Tubing,
Steel, Corrosion-resisting (18 percent Chromium and
8 percent Nickel) Seamless, Drawn, Round, Structural
% H-Cold-Drawn, Pickled. In the latter specification:

The specified yield strength was lowered from 150,000 1b. per
8q. in. to & minimum of 135,000 1b. per sq. in. and at the same
time the method of determining the yield strength was changed
to conform in effect to the definition given in Navy Department
Specification 44T27, “The yield strength is the load per square
inch of original cross section at which the material exhibits an
extension under load of 0.002 inch per inch in excess of that
which would be computed from Young’s modulus of elasticity
of 25,000,000 pounds per square inch and the usual formula:
Unit stress=Young’s modulus X unit deformation.”

The specified elongation in 2 in. was lowered from 8 percent
for a full-tube specimen to & minimum of 5 percent for material
over 0.02 in. thick and not over 0.049 in. thick and to & minimum
of 8 percent for material over 0.049 in. thick.

Flattening requirements were added.

All the chromium-molybdenum-steel tubing that was
heat treated was donated by the Summerill Tubing
Co., Bridgeport, Pa., and was heat treated free of
charge by Metallurgical Laboratories, Inec., Philadel-
phia., Pa., to a requested tensile strength of 175,000
Ib. per gq. in., no specification applying.

The streamline chromium-molybdenum-steel tubing
donated by the Summerill Tubing Co., Bridgeport,
Pa., was supplied to conform with Navy Department
Specification 44T17a, now covered by Navy Depart-
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ment Specification 44T17b, Dec. 1, 1936: Tubing, Steel
(Chrome Molybdenum), Structural, Streamline Cross
Section, Seamless (Aircraft Use). In the latter speci-
fication:

The specified minimum yield strength was raised 10,000 1b.
per sq. in., but the method of determining the yield strength was
changed so that most materiel passing the old specxﬁcatlon would
probably also pass the new one.

The streamline duralumin tubing, donated by the
Aluminum Co. of America, Pittsburgh, Pa., was sup-
plied to conform with Navy Department Specificaiion
44T22, now covered by Navy Department Specification
44T22a, Feb. 1, 1937: Tubing, Aluminum-alloy (Alu-
minum-copper-magnesivm-manganese), Streamline (Air-
craft Use). Inthelatter specification:

Maximum chemical contents of iron, silicon, chromium, and
other elements (including zinc) were specified.

'The specified minimum yield strength was raised from 30,000
to 82,000 Ib. per &q. in.

The streamline stainless-steel tubing was supplied
by the Navy Department, which bought it under Navy
Department Tentative Specification M-55C, either
Grade 1 or 2 tubing with physical properties specified
for temper “B’’ and with cross-sectional dimensions to
conform to those shown in table 2 of Navy Department
Specification 44T22, now covered by Navy Depariment
Specification 49T11, May 1, 1937: Tubing, Steel,
Corrosion-Resisting (18 percent Chromium and 8
percent— Nickel), Seamless-Drawn, Streamline-Cross-
Section (Aircraft Use), ¥ H-Cold-drawn, Pickled. In
the latter specification:

The specified yield strength was lowered from 125,000 to
110,000 Ib. per sq. in., and the method of determining the yield
strength was changed to conform in effect to the definition noted
under the description of the round stainless-steel tubing.

This specified percentage elongation in 2 in. was lowered from
15 for a strip specimen to 13 for material over 0.049 in. thick and
to 8 for material not over 0.049 in. thick.

Since for the purpose of the present investigation the
latest specifications are, with the exceptions noted,
essentially the same as those under which the tubing
was supplied, reference to specifications hereinafter will
be confined to the latest specifications.

The nominel dimensions of the tubes used are given
in table I. One tensile specimen and one compressive
specimen were taken from each tube, usually from
opposite ends, most of the remainder of the tube being
aveilable as column specimens. All these specimens
were weighed, their lengths and the outside diameters
of the round specimens were measured, and representa-
tive determinations of density were made by the Divi-
sion of Weights and Measures of the Bureau. The
cross-sectional area of each specimen was computed
from the weight, the length, and the density. Tho
least radii of gyration of the cross-sectionsal areas of the
round specimens were defermined from the actual
dimensions and of the streamline specimens by sub-
jecting representative specimens to pure bending,
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measuring deflections, and computing the radii of gyra-
tion from the results so obtained and the values of the
moduli of elasticity found for the compressive speci-
mens.

The initial deflections of all the column specimens
except a few short ones were measured.

TENSILE AND COMPRESSIVE TESTS

The tensile tests were made in a 100,000-1b. (50,000~
kg) Amsler machine having scale ranges from 0 to
10,000, 20,000, 50,000 and 100,000 Ib. Most of the
compressive tests were made in a 50,000-1b. compound-
lever machine, having scale ranges from 0 to 5,000
and 50,000 1b., in which the movable head could be
meintained very rigid. Most of the compressive speci-
mens were tested with the lower end against a flat
block and the upper end against & hemispherical bearing.

Strains were measured with & Ewing extensometer,
when possible, on a 2-inch gage length; otherwise
Tuckerman strain gages were used for determinations
of moduli of elasticity, and Huggenberger extenso-
meters for determinations of yield strengths. The
moduli of elasticity were obtained from stress-strain
data by means of difference curves (reference 1) drawn
for each of the tensile and compressive specimens.
The stress-strain data for determining the modulus of
elasticity were usually taken after the specimen had
been strained to about 0.002 and the strain released.
This procedure “ironed out” some of the initiel stresses
in the material and in many cases, particularly that of
the stainless steel, made the determination of the
modulus of elasticity much more definite than it would
have been if determined from readings taken during
the first loading. In these cases, owing to the imme-
diate curvature of the stress-strain diagram at low
stresses, the modulus of elasticity would have had to
have been determined as the tangent modulus at zero
stress, a very unsatisfactory determination.

In most cases the tensile yield strengths were ob-
tained from stress-sirain diagrams, according to the
definitions in the latest Navy Department specifications
applying to the type of tubing tested.! The compres-
sive yield strength was obtained from a stress-strain
diegram as the stress corresponding to the intersection
with the stress-strain curve of a line drawn through
the origin with a slope 8E, where 0<8<1 and E is the
modulus of elasticity. This method is discussed later.
The values of B used were: for the chromium-molyb-
denum steel, 5/9; for duralumin, 2/3; for stainless
steel, 5/8; and for heat-treated chromium-molybdenum
steel, 5/7.

Typical stressstrain diagrams are shown in figures 1,

2, 3, and 4.

1In the case of the heat-treated chrominm-molybdennm-steel the tensile yleld
strength was taken as the stress at the interseetion with the stress-strain earve of a
line with a slope equal to that of the modulus line and at a straln 0.002 from it.

COLUMN TESTS

The primary series of column tests were tests with
freely supported ends. As can readily be shown theo-
retically, the buckling strength of an ideal column hav-
ing known elastic restraints at the ends is the same as the
buckling strength of a column with freely supported ends
having a length equal to the distance between the suc-
cessive points of inflection of the center line of the
column with restrained ends. Local, crinkling failures
are not considered here. The length of the equivalent
freely supported column is called the ““free length” of the
column. Although the double-modulus theory of
column action (reference 2)? furnishes a method of
determining the free length of an ideal column, as will
be shown later, the imperfections of real columns made
an experimental check seem advisable, and at Dr. L. B.
Tuckerman’s suggestion & considerable number of speci-
mens were tested with kmown elastic restraints. The
restrained ends also simulate more nearly the practical
condition under which actual columns are used.

APPARATTUS FOR PROCURING RESTRAINTS AT ENDS

The diagrammatic sketeh (fig. 5), shows the lower fix-
ture used for procuring an elastic restraint at the lower
end of & column. Except for unimportant details, the
upper fixture is the same as the lower. Each fixture
consists essentially of a carrier with s knife edge which
bears on a seat on a stationary support clamped to the
weighing table of the testing machine. Means are pro-
vided for holding the end of the test specimen in position
on the carrier and moving it horizontally under low
loads in 2 direction perpendicular to the knife edge.
Rotation of the carrier about the knife edge is restrained
by the helical springs shown. The degree of restraint
may be varied by changing the active lengths of the
springs, provision for which is furnished. By means of
a dial gage, not shown in the figure, it is possible to
measure the rotation of the carrier about the knife edge.
Wing nuts on the ends of the rods through the springs
make it possible to compress the latter so that rotation

of the carrier will not cause one spring to go out of

action (the springs cannot be used in tension).
PROCEDURE FOR MAEING A TEST

The same vertical testing machine was used for the
column tests as for most of the compressive tests pre-
viously mentioned. Before a series of columns with
elastically restrained ends was tested, it was necessary
to adjust the active lengths of the springs to procure
the degree of restraint against rotation desired and then,
after compressing the springs by means of the wing
nuts, to determine the restraint accurately. This
determination was made by hanging a series of known

1 s Indicated In this paper, the theory was developed by contribatfons of several
men. It cannot Jusily be named after any one of them, nor even i wo, without denying

credit due elsewhere. Dr. L. B. Tuckerman suggested the name “double-modulus
theory.”
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weights on one of the hangers at the ends of the carrier
(fig. 5), thus causing the carrier to rotate about the
knife edge, and noting the corresponding readings of
the dial gage indicating rotation (not shown in the
figure). From data obtained in this way the moment
on the carrier could be plotted against the rotation of
the carrier, and the moment per unit angular rotation,
which will be called the ‘restraint’”, m, could be
determined as the slope of the resulting diagram.
The restraints used are given in table I.

The procedure proper, for making a column test
consisted in placing the specimen between the upper
and lower carriers, centering under load ® with the
springs out of action, and then bringing the springs

,--*Specimen

7777777777777 I2 7777777777 J o
Wewghing Table of : —
tesfing machine i L

gu--Wing nut

FiGurE 5.—Disgrammatic sketoh showing apparatus for procuring elestic restralnt
at end of column.

into action if the test was to_he made with restrained
ends, and loading to failure.

RESULTS
DETERMINATION OF THE FREE LENGTH

The results of the column tests were plotted in terms
of the ratio of slenderness, based on the free length,
and the average stress at failure, and also in terms of
nondimensional variables that took into account the
properties of the material. The first question that
presented itself in preparing such a graphical repre-
sentation was the determination of the free length.
The rigid cerriers at the ends of the columns compli-
cated the situation somewhat. Engesser (reference 5)
had shown in the case of straight elastic columns how
such rigid portions of equal lengths at freely supported
ends could be treated rationally. The problem of the
straight elastic column of uniform cross section elasti-
cally restrained against rotation at the ends had been
treated by Nater and others (references 6, 7, and 8),
and Bleich (reference 9) congidered the case of the
straight inelastic column so restrained. In the present
investigation there were many slightly curved, inelastic
columns with rigid portions and both with and without
elastic restraints at the ends. All these columns were
centered under load with the expectation that such

3 Christle (reference 8) was probably the first to compensate for Imperfections in an
actual column by shifting the ends of the column relative to the supports. Considare
(reference 4) seems to have been the first to employ centerlng under load systemati-
cally in a serfes of column tests. .
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centering would idealize the elastically restrained
columns as well as the freely supported columns.®* A
rational method of determining the lengths, and thus
the ratios of slenderness, of equally sirong columns
freely supported at the ends was then sought. The
strength of the different columns could then be studied
as a function of the ratio of slenderness based on the
free lengths so found.

If the double-modulus theory (reference 2) of column
action is adequate to describe the behavior of columns
under load, as is being questioned less and less today,
and if the departures from straightness of the columns
are not too great, then it should be possible to deter-
mine the free length of any test column on the basis of
this theory.! If, when the free lengths of the test
columns have been computed, plots of average stress
at failure against ratio of slenderness based on the
computed free length,or modifications of these quantitics
that take into account the variations in the properties
of the material, lie on a reasonably smooth curve, this

fact may be regarded as proof that small initial curva-

tures under conditions of proper centering do not affect
the strengths of even inelastic columns freely supported
or elastically restrained at the ends.

The equations determining the free lengthh of an
axially loaded straight column of uniform cross section
with rigid portions and clastic restraints at the ends
meay be obtained as outlined in the following scetions.
The procedure is to write down the differential equation
for the deflection of the center line, to integrate it, to
introduce the boundary conditions, and to determine
under what conditions the displacement of the center
line becomes indeterminate. It will be found that this
displacement becomes indeterminate at 2 definite load,
the buckling load,

The notation that will be used is:

A, the cross-sectional area of the column
1, the leastradius of inertia or radius of gyration of
the cross section of the column measured
parallel to the plane of bending.
I=A7?
I, the length of the column specimen.
8y, the length of the rigid portion between the upper
end of the specimen and the upper knife edge.
81, the length of the rigid portion between the lower
end of the specimen and the lower knife edge.

§ Well-known tests by von Edrmén (reference 10) show that slight Imperfections
such as small Initial curvatures do not affect the strengths of fresly supported columos
when centersd under load. Zimmermann (referance 11} has shown theoretically that
the strength of elastic columns Is not affectod by alight initia)l curvature when the
eolumns are centered properly,and Retn (reference 12),In a careful series of tests, hos
Included some definitely bent columns of structural steel, confirming Zimmormann's
results.

# In this theory it is assumed that the columns are straight, that the matarial Is
homogeneous, that the load is applied in line with the sxis of the column, and that
deformations due to shear are negligible. Since the behavior of & material stressod
beyond the proportlonal limit in & column depends upon its previous straln history,
the strength of columns in which the materfal Is so stressod depends on the loading
history. A standard loading history must therefore also bo assumed In the theory.
It is assumed that the compression is uniform over all the cross section untll the
buckling load is reached. and not until then does bending take place,
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P, the load on the column at failure by buckling.

F, the transverse force acting at each knife edge on
the ends of the column.

E, the double modulus.

my, the elastic restraint resisting rotation at the top
end of the column.

m,, the elastic restraint resisting rotation at the
bottom end of the column.

¥y, the rotation at the top end of the column,

positive clockwise.
¥, the rotation at the bottom end of the column,
positive clockwise.
AMy=mgl,, the restraining moment at the top end of
the column.

M;=—myy,, the restraining moment at the bottom
end of the column.

With the coordinate axes taken as in figure 6 the
differential equation of the deflected center line of the
column is for small deflections?,

&y _M
dr ET .

where 1{ is the bending moment 2t any section,
M=2:M+ F(so+x)— Py
Integration of equation (1) and substitution of the

ey

- d
boundary conditions, x=0: 3%=%; y=38uy; T=(: gx—y=

Y1, Y= —a1h, yields four homogeneous linear equations
in ¥y, ¥, and two constants of integration. The de-
flection y becomes indeterminate when the determi-
nent of the coefficients in these equations is equsal to
zero, and hence the buckling load is-defined by the
equation

A=0

Upon evaluation of the determinant, there is found in
terms of the nondimensional variables

*"=’\/{—§

m
&nd M= L

My .

po= :
& , & & 8
PL(1+5+% P(1+5+%
{1+#o+#1—¢’ %ﬁ—%(l-l-%l #o—sjo(l-l-s—lo m
'l‘<1‘|'§i"'['s_lI Foﬂl:l’sm ¢_¢[Fo_8_lo+m—%1

+2<1 +'§Z‘!+gz¥)pop,:|cos q5+2(1 +8—;+%>pom¢=0 @

4 It may be noted that equation (I} applies to any column that remalns straight up
to the Instant of faflnre a9 in the standard leading history. In this case theaverage
stress is constant and hence E fs {ndependent of r.
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If the length of a freely supported column having the
same strength as the given column is denoted by I,
then

_EI
=7 @

(the original double-modulus equation), and this
equation makes it possible to write

=

Equations (2) and (4) determine ¢ and I, when the
other quantities are known.

It should be noted that the determination of the free
length I, does not require a knowledge of the value of

P

M'\3 F__\l,_
ofn s

Yy o 4

Pi i
x
FIGURE 8.—Deflected center line of column.

E, the free length being determined solely by the
lengths I, s, and s; and the variables u and p;.

Equation (2) is simplified considerably in certain
special cases. Thus, when s;=8 =38 and = =p,
introduce the nondimensional variables

28 8 m 8

(5)
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and

& m 8 28
" “"Z_P—l—z,(HT
T 28\ ' )
14+ <1+—[
and by factoring the left-hand side obtain

(A58 0 )i (1+25') (1—c0s $)—/g 6in 6]=0  (7)
It may be noted that if ¢=2nx, where n is an integer,
the left-hand side of this equation becomes indetermi-
nate. Substitution of this value of ¢ into the original
equation, (2), shows that ¢=2nr is not a solution, If
the first of the factors on the left-hand side of equation
(7) is equated to zero, the solution obtained corresponds
to the case yy=—1, (fig. 6) and, if the second factor is
equated to zero, the solution obtained corresponds to
the case Yoy=vy,. The first solution yields the smallest
value of ¢ and is the only one of practical interest.
There is obtained then in a convenient form

cot %+ r¢=0 8)
Equation (8) may also be written in terms of the tr1gono-
metric functions :

i @

o _ —1—
- 1 and t=1 Tan ¢

8In ¢

|=

fha=—t (88)
Where tables of t4-s (reference 13) are available,
equation (8a) will be the most convenient form for use.

If, when ¢;=¢8,=s and u;=0, there is introduced the
nondimensional variable

28 m
BT —%7(1+
v (10)
1 +T (1 +
equation (2) for the determination of ¢ reduces to
=_¢L(1+‘Z+vﬂ T 1 (11)

which may be solved by trial with the aid of table VII.
Finally, if 8p=8,=0, equation (2) may be written in

the form
poi1 (B —8%) + (uo+ ) t+1=0

Zimmermann (reference 13) gives this equation and
Prager (reference 14) gives it in a modified form, but
they assume it to apply for elastic buckling only. It
has also been presented in & paper by the suthor
(reference 15). The equation may be solved by trial
with the aid of table VII, or it may be solved directly

(12)
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by means of the nomogram (fig. 7) the idea for which is
due to L. B. Tuckerman.’

In order to use the nomogram, a straight line is run
through the points of the circle determined by the values
of 4o and u; read on the circular seale. This line will
intersect the spiral curve in at least one point. The
value of ¢/r corresponding to this poiut, or the lower
value if there are two infersections,® read on the scale
of the spiral curve will be the lowest value for which
buckling can oceur.

The necessary constants for the column specimens
with equal (or no) restraints at opposite ends and for
the column specimens freely supported at the top and
restrained at the bottom being computed, equations
(8), or (8a), and (11) could be solved for ¢ and {he free
lengths determined from equation (4). The ratios of
slenderness, [/t could now be found; and the corre-
sponding average stresses at failure, P/A, were obtained
from the maximum loads and the cross-sectional arcas.
The values of m and m,; that were used ranged from
0 to about 450,000 1b.-in. per radian. (See table L.}

COLUMN DATA

The values of ratio of slenderness, lift, and corre-
sponding average stress, P/A4, are given in table II and
are plotted for the chromium-molybdenum-steel speci-
mens in figure 8, for the duralumin speeimensin figure 9,
for the round stainless-steel specimens in figure 10,
and for the heat-treated chromium-molybdenum-steel
specimens in figure 11. One of the main causes, prob-
ably the main cause, of the scatter in the points in
these diagrams is the unavoidable variation in the
properties of the material from tube to tube and along
the length of any one tube from which specimens were
cut.-—This variability can be corrected for to the
extent to which the compressive stress-strain relations
remain invariable along the length of any one given
specimen and are affinely related from specimen to
specimen.

Suppose, for example, that there is detormined from
the compressive stress-strain diagram of the materiel
in each specimen & certain stress, S, as the intersection
with the stress-strain curve of g line through the origin
having & slope SE, where 8 is a constant for a given
material and 0<<g<1, and E is the modulus of elas-
ticity of the material. Let there now be constructed in
each case a reduced compressive stress-strain diagram
in which there is plotted, instead of stress against strain,
stress divided by S against strain divided by S/E.?

7 Equation (12) is in one of Clark’s canonical forms of equations of nomographic
order 4. (Bes reference 16.)

& In the cage of two peints of intersection the higher value of ¢/x correapands to an
unstable condition of equilibrium,

¥ The reduced stress-straln diagram has been used by Hohenemser (refarence 17},
who does not, however, determine S specifically by the methoud here used.
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If the various original stress-strain curves are affinely
related,' then they all reduce to one and the same
curve, in particular, that part of the reduced diagram
within the elastic range is identical for all materials.
Just as there is corresponding to any given stress-
strain curve, a definite double-modulus column curve,
P{A=n*E{(l,/})% so there is corresponding to our reduced
stress-strain curve, a definite reduced double-modulus
column curve in which P/A and E in the double-
modulus formula are replaced by P/(AS) and E/E,
respectively, and in which I, must be replaced by
Iy \/_E 11
If now there are introduced the nondimensional vari-
ables 1
1, S_

=iV E =43 (18)
the reduced column curve
E
~XJE oo a9

is identically the same for all columns having geometri-
cally similar cross sections (E depends among other
things on the shape of the cross section) and made of
materials having compressive stress-strain diagrams
that are affinely related.

Although it is too much to expect all the compressive
stress-strain curves of a material to be affinely related,
nevertheless they are to some degree of approximation
so related; and experience has shown that, where the
properties of the material differ widely, the correction
proposed is a real correction (reference '18). Accord-
ingly, the values of A, and «,, equations (13), were
computed for each column specimen. For E in each
case was used the modulus of elasticity of the com-
pressive specimen for the tube from which the column
specimen was cut. For the determination of S, which
may be celled the “compressive yield strength”, in the
cage of the chromium-molybdenum steel and the dural-
umin tubes, 8 was so chosen that were the tensile yield
strength to be determined for a material just passing
specifications, then by the SE method exactly the same
yield strength would be obtained as by the method
specified for round tubing. This consideration gave

B=g for the chromium-molybdenum steel and ﬁ=§ for
the duralumin. The value of 8 determined in the same

way for the ¥-H stainless steel gave B—37, this value

was arbitrarily reduced to g, which was the value used
for all the stainless-steel specimens. For the heat-
treated chromium-molyhdenum steel = é was used.

This value would correspond to & spec1ﬁed yield
strength of 150,000 1b. per sq. in., detern_nined a8 indi-

0 By affine relation i meant the relation that exists between the curves Fe, f)=0
and F(pe, ¢f)=0, where p and ¢ are constants.

11 The quantity hq/ETE is the length of an elastie column which would buckle at
the average stress S,

12 8imilar varlables were used by Tuckerman, Petrenko, and Johnson (reference 18).
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cated in footnote 1. For curves that are strictly af-
finely related the value of g is immaterial, within the
limits 0<f<{1 within which it has any meaning. For
curves that are approximately aflinely related the best
value of § is that velue which most nearly brings them
all to the same reduced stress-strain curve, but prac-
tically the best value may be regarded as the value
which is most effective in reducing the scatter in the
loft, P/A-diagrams. In order to make sure that the
values of B adopted were reasonably good, other values
were tried: ¥ for chromium-molybdenum steel and
durelumin, and *%; and % for stainless steel, There
was little difference in the results, which were not made
significantly better nor worse. This result was to be
expected, for in order that the method have any value
at all, the stress-strain curves must show some sem-
blance of affine relationship, and if they do, the value
of 8 most convenient to use will be practically as good
as any other.

The \.,o~diagrams that result from the procedure
just outlined are shown in figures 12, 138, 14, and 15.
Comparisons of the chromium-molybdenum-steel dia-
grams (figs. 8 and 12) and the duralumin diagrams (figs.
9 and 13) show some improvement; but the improve-
ment is most marked in the stainless steel and the heat-
treated chromiuvm-molybdenum-steel diagrams (figs. 10
and 14 and figs. 11 and 15). That the improvement is
not greater in the chromium-molybdenum-steel results
may be explained by the fact that the mechanical
properties of the material vary considerably along the
length of a given tube. The value of the compressive
yield strength for a column specimen may differ appre-
ciably from the value of the compressive yield strength
as actually determined on the compressive specimen.
Moreover, the compressive stress-strain curves of the
chromium-molybdenum-steel showed comparatively
poor affine relationship. No great improvement in the
duralumin results would be expected because of the gen-
eral uniformity of all the material used.

The next most probable cause of scatter in the /o 4,
P[A- and M),,o-diagrams after variations in the
properties of the materials, is the uncertainty of the
conditions at the ends of the test columns. The best
measure of the success with which a column has been
centered is the subsequent load-deflection curve ob-
tained on testing the column; or better, for comparative
purposes, a plotof load, P, divided by maximum load,
Ppo.y against deflection within the free length divided
by the free length (reference 19). The sharper the
“knee” of such a diagram, that is, the smaller the small-
est-radius of curvature of the reduced load deflection
curve, the better centered or the better adjusted the
ends of the column may be assumed to have been.
Representative diagrams of this kind are shown in
ficures 16 and 17. The deflection, &, in the freo
length was obtained from the observed deflections on
the assumption that equation (1) represented the
deflected center line.
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Comparison of the low points on the A,,¢,-diagrams
with the reduced load-deflection diagrams for the
corresponding specimens indicated that one chromium-
molybdenum-steel, three duralumin, four stainless-steel,
and two heat-treated chromium-molybdenum-steel
columns were probably tested with unsatisfactory end
conditions, since the reduced load-deflection curves
showed large radii of curvature at the knees.

The error in the free length, l,, due to an error in the
restraint, m, was estimated to be nof, greater than I
percent in any case.

The tests on freely supported round columns are
regarded as the primary data, the tests with restrained
ends and the tests of the streamline sections being re-
garded as check data. The degree to which the check
data agree with the primary data is an indication of the
accuracy of the method of computing free length by
means of equations (4) and (8) or (11). It will be noted
that, in general, in figures 12, 13, 14, and 15 the points
representing the check data fall in approximately equal
numbers above and below the point representing the
primary data.

FORMULAS AND CURVES FOR DESIGNING

The data were adapted for use in designing by the
following procedure. Empitical formulas were de-
veloped to give & good approximation to the A, oo
values for each of the materials, curves representing
these formulas being shown in figures 12, 13, 14, and 15.
Use of these formulas or curves requires a knowledge of
the compressive yield strength of the material, and this
information is not usually available to the designer.
The specified property most nearly related to it is the
tensile yield strength. Therefore, the average ratios of
compressive yield strength to tensile yield strength were
determined for the several materials, and the values of
the specified tensile yield strength in the several current
specifications were introduced into the empirical equa-
tions to give the column strength as a function of ratio of
slenderness for material just passing the specification.
Curves representing these results are shown in figures 8,
9,10, and 11. The details of this procedure will now be
taken up.

The results of the tests on the freely supported round
chromium-molybdenum-steel . columns can be repre-
sented in the M\, o.-diagram by a curve of the farm **

KO_ )\as2
YA N AW

4K, 2
for B— K= 2 K=K, 15

Gy=—

and the reduced Euler curve

1 2
a',=')\—o"§ for mg a',>0

(15b)

ita This type of curve, in terms of the ratlo of slenderness gnd the average stress,
was proposed by Krefiger (reference 24). T
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where K, and K, are empirical constants. These curves
are shown in figure 12 for K,==5.6 and K;=1:

5.6 —M . 560 10
T =F o n 1OF FggZ o1Z3 (162)
1 10
a',=m for 2—32 o‘.>0. (Iﬁb)

It may be noted that for A, =0, cquation (15a) reduces
to the Johnson parabolic formula.

The results of the tests on the freely supperted
round duralumin columns can be represented in the
Aos,0-diagram by the straight line and the reduced
Euler curve

0,=1.176—0.575+/0.67,, for 1.176 2 7,2 0.6
or 0:=1.175—0.445),, 1.1762 ¢,2 0.6 (172)

}&'2 0.6 = >0 (17b)

which are shown in figure 13.

The results of the tests on the freely supported round
stainless-steel columns can be represented in the Ay, oy
diagram by & modification of a eurve proposed by
Aarflot

for

and o,= for

1 E
BT Kohod+ (1 —E) Vhat T B

for all values of A,,, H; and K; being empirical constants.
The curve is shown in figure 14 for A;=0.08, K;=8:

1
=0 68N 0,32y Aol 1 8 (19)

It may be noted that for Ky=1 or K3=0 equation (18)
reduces to the Euler formula.

The results of the tests on the freely supported round
heat-treated chromium-molybdenum-steel columns can
be represented in the A,,, o,diagram by the seventh-
degree parabola and the Euler curve,

7=0.943(1—0.07512,,7) for 0.943 = ¢,20.733 (20a)
1 (20D)

e
which are shown in figure 15.

The relations between [/t and P/, usually desired,
mey be obtained by substituting the values of A,, and
o, from (13) in (16a) to (20b), solving for I’fA, and
introducing the numerical values of the quantities S
and E; but this procedure would result in equations
applicable only to the particular material tested.
What is wanted are equations in Lfi and P/A which
give safe results when applied to any material passing
specifications. The specified property most closely
related to the compressive yield strength of a material
is the tensile yield strength, and if the ratio of these
two strengths is known for a particular material, a

1t Aarfiot (reference 2Ii proposes

=1,K,20 (18)

for 0.7382 o, >0

0

o —
§M’+§-\/M‘+4
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column formule written in terms of the compressive
yield strength may be given in terms of the specified
vield strength. The average ratios of the compressive
yield strength to the tensile yield strength for the round
tubes of the four materials used in this investigation
were found to be 1.000, 0.908, 0.827, and 1.120 for chromi-
um-molybdenum steel, duralumin, stainless steel, and
heat-treated chromium-molybdenum steel, respectively.

Navy Department Specification 44T18¢ for chro-
mium-molybdenum-steel tubing requires a tensile yield
strength not less than 75,000 1b. per sq. in. for tubing
up to 0.188 inch thick. The compressive yield strength
of tubing just passing this specification may be expected
to be 8=1.000X75000="75,000 Ib. per sq. in. The
average value found for E for the round tubes was
29,800,000 Ib. per sq. in. Consequently, the column
strength in pounds per square inch of tubing up to
0.188 inch thick which passes the specification just
mentioned and for which the ratio of diameter d to
thickness ¢ does not exceed abeut 50 (value obtained
from unpublished tests on short specimens) may be
represented by the formulas

Iﬂ)
9 _("'
P 7500022000\ /¢ 70100 £ > 32600, (21a)

P
A~ %6700 Y A=
i
P_294000 000 for 326002 §>0 (21b)

/AU

0
Curves corresponding to these formulas are shown in
figure 8. They represent the strength thet may be
expected from tubes which just pass the specification.
Navy Department Specification 44T21b for heat-
treated duralumin tubing requires a tensile yield
strength not less than 40,000 lb. per sq. in. The
compressive yield strength of tubing just passing this
specification may be expected to be S=0.90840000
=36,320 lb. per sq. in. The average value found for £
for the round tubes was 10,590,000 Ib. per sq.in. Conse-
quently, the column strength in pounds per square inch
of tubing which passes the specification just mentioned
and for which the ratio of diameter d to thickness ¢ does
not exceed 55 (value obtained from unpublished tests
on short specimens) may be represented by the formulas.

§=42700(1 — 0.00707%0) for 427002 ig 21800 (222)
P 104500000 P :
1

Curves corresponding to these formulas are shown in
figure 9. They represent the strength that may be
expected from tubes which just pass the specification.

Navy Department Specification 44T27 (INT) for
stainless-steel tubing, 3/4 H—Cold drawn, requires a
tensile yield strength not less than 135,000 Ib. per sq. in.
The compressive yield strength of tubing just passing

this specification may be expected to be S=0.827
X 1385000=111,600 lb. per sq. in. The average value
found for E for the round tubes was 26,300,000 1b. per
sq. in. Consequently, the column strength in pounds
per square inch of tubing which passes the specification
just mentioned end for which the ratio of diameter € to
thickness f does not exceed about 35 (see table I) may be
represented by the formula

P 123400
(o 01798 14 0012331“)

(23)

The curve represented by this formula is shown in
figure 10. It represents the strength that may be
expected from tubes which just pass the specification.

As stated previously, no specifications apply to the
heat-treated chromium-molybdenum-steel tubing, but
all the tensile specimens showed a yield strength above
150,000 1b. per sq. in. determined as indicated in foot-
note 1. The variation in the ratios of compressive
yield strength to tensile yield strength was so great,
more than 20 percent, and the number of tubes, five,
from which specimens were cut was so small that instead
of using the average ratio for this material, it seems
desirable from considerations of safety to use the least
ratio found of compressive yield sirength to tensile
yield strength, namely, 0.99, in obtaining & relation
between P/A and ly/% based on a specified tensile yield
strength. If & specified minimum tensile yield strength
of 150,000 Ib. per sq. in. is assumed, the compressive
yield strength of tubing just passing the specification
may be expected to be §=0.99X150000=148,500 lb.
per sq. in. The average value found for E for the
round tubes was 30,000,000 lb. per sq. in. Conse-
quently, the column strength in pounds per square inch
of heat-treated chromium-molybdenum-steel tubing
similar to that tested, having a specified minimum ten-
sile yield strength of 150,000 Ib. per =q. in., for which the
ratio of diameter d to thickness ¢ does not exceed about
35 (see table I) may be represented by the formulas

5—140000[1 (0.015470y/3)"} for 140000 = §2108900

(24a)
P 236—(25’%—,000 for 1080002 5>0  (24b)

Curves represented by these formulas are shown in figure
11. They represent the strength that may be expected
from tubes which just pass & specification requiring
& minimum tensile yield strength of 150,000 1b. per sq. in.

1 It is true that one column specimen with d/2=35.7 fafled by crinkling at one end
but this specimen wes the shortest one tested with so high a value of dj¢. Five other
longer specimens with the same value of dff, two of them cut from the same tube as
the speefmen in question, failed by primary buckling a{ higher average stresses. It
fs extremely difficult to center & short specimen becsnse the deflections under the
centering load are so smafl. ‘This condition is not of great Importance for szch speci-
mens when fallncs occurs by primary buckling, bat It Is likely to affect appreciably
the average stress at faflura when tke fallure Is by crinkling. It seems probable,
therefore, that the specimen mentfored was Ioaded eccentrically, and that the strength
does nov represent the strength which would have been obtained under a centrally
applied load.
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Figures 18, 19, 20, and 21 represent curves of buckling
load P, plotted against free length, l;, for Navy Depart-
ment standard sizes of tubing up to and including 3
inches in diameter. These curves were obtained from
equations (21a) and (24b) by inserting the appropriate
values of A and 4 and solving for P in terms of I,

In the analysis of trusses continuous at the joints
it is necessary to use the ratio r=F/E, which is & funec-
tion of the sverage stress on the cross section of a
column at the instant of buckling, since E is a func-
tion of this stress. The relation between r and the
average stress may be obtained by eliminating X,
from equation (14) and the empirical equation
applying for the particular material being used, and
then substituting for o, its value in terms of P/A.
Thus, for chromium-molybdenum steel, by eliminating
Ao from equations (16a) and (14) and substituting

v =————<£in Ib. per sq. in )
#771.000-75000A\ A ) e

P 1—0.000012 60§ P
7=0.000074 672 2 for 79400;2 32600

1-+4-0.000 01333T (252)

and from (16b) r=1, for 32600;§>o. (25b)

Similarly for duralumin, equations (17a) and (14) give

on substituting ¢,= 0,008 -500.00 A(g in lb._ per sq. m)

P Py - P
-r=0.0001920“1 1—0.000023432 for 427002 4221800
(26a)

and from (17b) r=1, for 2180Dg§>0 (26b)

And for stainless steel, equations (19) and (14) give on
btituting oy=ggzr—zror(Hin Ib i
substituting o= zs=—wzrroal —7in Ib. per sq. in.

14 (O 00001520—-)

1-__._...--

9

Finally, for heat-treated chromium-molybdenum
steel, equations (20a) and (14) give, on substituting

[r3 =L(£iﬂ ].b er s iIl)
*=0.99-1500004\ 4 " ‘O Per 8q. 1n.
P.

P P #
T=0000014112(1—m) for 1400002112 108900
(28a.)

27)

and from (20Db)

r=1 for 1osgoog£;>o. (28b)

Tables II1, IV, V, and VI give values of r for different
values of P/A in equations (252) to (28b). The quan-

tity = \/ Yo is alsolisted in these tables as it will be found

convenient to have it.
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DISCUSSION

Some of the material used for test did not pass speci-
fications in all particulars, and in the evaluation of the
results of the tests, this matter should be considered.
One failure to meet specifications which might be con-
sidered significant in the present investigation is the
failure to reach the specified tensile yield strength, but
this failure can be adequately corrected for by using the
Xosy os-method of plotting, provided that enough speci-
mens which do pass the specification for yield strength
are also tested as checks. Two round column speeci-
mens did not pass the specification for straightness
(maximum allowable departure from straightness: ratio
of initial deflection to length 1 to 60Q), but these speci-
mens showed no lower strength than other comparable
specimens; nor was the effect of initial deflection on the
strength apparent in any other case.

Ocecasional high points in the [/i, P/d- and X,
o-diagrams, as in figures 8 and 9, and figures 12 and 13,
were due to friction at the kmife edges and have no
practical significance. This friction was minimized
in the later tests by vibrating the specimen slightly by
means of a light buzzer attached to the middle of the
specimen during test. Three conspicuously low points
in figures 11 and 15 were due to failure by local buckling
at the ends of the specimens where they bore on the
plates of the carriers. Two of these specimens wero
from round tubes with ratios of diameter to thickness of
35.7 and 50.0, respectively, and the third was from a
streamline tube with ratio of basic round diameter to
thickness of 32.1. _

It seems safe now to conclude that round tubes having
ratios of diameter to thickness not greater than was
mentioned previously and conforming to Navy Depart-
ment Specifications 44T18¢c, 44T21b for heat-treated
tubing or 44T27 (INT) for % H-cold drawn tubing, in
particular tubes having departures from straightness
not, much greater than allowed by the specifications,
may be designed as columns with elastically restrained
ends on the basis of the double modulus and equations
(21a), (21b} for chromium-molybdenum stecl; (22a),
(22b) for duralumin; and (28) for stainless steel, Simi-
larly, round heat-treated chromium-molybdenum-steel
tubes with ratios of dismeter to thickness not much
greater than 35 and with tensile yield strengths not less
than 150,000 1b. per sq. in. may be designed with the
aid of equations (24a) and (24b).

As far as the shape of the cross section is concerned,
theoretically the streamline tubes should be slightly
weaker than the round tubes; but this difference would
be so small as to be masked by other considerations in a
series of tests made under necessarily practieal condi-
tions. If the difference did show itself, it should do
so independently of the material; but no such con-
sistent difference appears in the test results.
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The points representing the chromium-molybdenum-
steel streamline tubing in the \.,0-diagram (fig. 12)
are nll low except one, but these low values are believed
to be due to the appreciably flatter knee of the com-
pressive stress-sirain diagram (veference 22) of the
material of the streamline fubes. (See 1CB-C in
fig. 1.) If this particularly flat knee may also be
expected in round chromium-molybdenum-steel tubing,
further tests with round tubing having this character-
istic would be desirable. The results available indicate
that for streamline chromium-molybdenum-steel tubing
not over 0.186 inch thick, passing Navy Department
Specification 44T17b, for which the ratio of basic
round diameter d to thickness { does not appreciably
exceed 35 (see table I), formula (21a) may be replaced

by

P 20000— l—) P
E=824OO—Z—— for 87200 Z=35800
18900+<;"-)

For values of PfA less than 35,800 lb. per sq. in.,
equation (21b) applies.

The points representing the duralumin streamline
tubing in the Ay, o.-diagram (fig. 13) all except one high
one closely follow the points for the round tubing.

The points representing the stainless-steel streamline
tubing in the \,,,0~diegram (fig. 14) are the most erratic
of any for the four materisls tested, but this fact is not
altogether surprising since the material was not the
same as that of the round stainless-steel tubes. The
trend of the points for the streamline tubing relative
to those for the round tubing is consistent with the
differences shown by the compressive stress-strain
diagrams. The stress-strain curves of the material of
the streamline tubing had sharper knees than those of
the material of the round tubes (see 2SC-C in fig. 3)
and the streamline-column specimens show high values
of ¢, for high values of A,, and low values of «, for low
values of N,, which would be expected (reference
22).

The points representing the heat-treated chromium-
molybdenum-steel tubing (fig. 15) closely follow the
points for the round tubing, except two which are the
results of teste on specimens with restrained ends.
The restraint was heavy, 440,000 lb.-in. per radian and
the reduced load-deflection curves for these specimens
were not smooth at low loads and showed very blunt
“knees.” It is probable that, as load was applied, the
movable head of the testing machine did not move
parallel to itself, thus producing a rotation of the top
end of the specimen and bending, which resulted in a
very nonuniform distribution of sfress. Since the knee
of the stress-strain curve of this material is so sharp,
premature bending of the specimen would lower the
column strength more pronouncedly than would be the
case with & material with a blunt knee.

189778—89——10

NOTE ON THE DESIGN OF COMPRESSION MEMBERS
ELASTICALLY RESTRAINED AT THE ENDS

In a truss or a framework (Stabnefz) continuous at
the joints the members are interdependent, and in par-
ticular the buckling strength of & member depends on
the restraining moments (positive or negative) produced
at its ends by the other members meeting there. These
moments, moreover, depend on the geometrical and
material properties of all the members of the truss or
framework. It is not possible, therefore, to consider
the buckling of a compression member by itself but only
as part of the structure as a whole. Theoretically, if is
possible to determine with given conditions of loading
the maximum load to produce failure of any truss, but
practically, the solution of the transcendental equations
involved is out of the question except for the simplest
cases. Approximate solutions based on simplifying
assumptions at present seem to offer the only way out.

Only planar trusses with the joints assumed to be
immovable will be considered here. The case of mov-
able joints has been treated by Bleich (reference 9),
Prager (reference 23), and others; the case of space
structures has been treated notably by Friedrich and
Hans Bleich (reference 24).

In order to get anywhere it is necessary to assume
that the truss can be broken up into sufficiently simple
groups of members to enable the stability of each group
to be investigated separately. Two such groups are (a)
an individual compression member and the members
meeting 1t at its ends, the far ends of the latter members
being considered as freely supported (fig. 22); and (b)
three members forming & friangle (fig. 23). As will be
shown presently by examples, the first group can be
treated by means of equation (12), and the stability of
the second group can be investigated by means of the
condition of buckling of a triangle.

t’11+t,fk s’jk slu
S'n—_ t,ﬂ:—[-tl’k[ S’g[ =0 (25)
s’y st ety
where

E , E
=p7° and t Plt

sl

and the subscripts refer to the members as shown in
figure 23. This equation is given as applying to the
elastic case by Borkmann (reference 25) and may be
derived by epplying the equation of four moments,
Bleich (reference 9), successively to the members ij,
jk; jk, ki; and K, ij.

In the groups of members the stability of which is to
be considered, P for each member represents the load
in the member, positive for compression and negative

for tension. The quantity ¢, which occurs in the
expressions for s and t, is always given by
o=t/ L (26)
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but when P is negative (tension), s and t becomse

¢ _q__®
sinth—l a,nd t=1 m

If a member carries no load, or is assumed to carry
no load, an assumption which may be made for sim-

sS=

(92)

1
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Similarly for any member meeting ij at j
1

_J_.
"~ Pylp £y

Now since
Mmitmy+met..Fmpto S+ Mp=0

i

m

FIGURE 22.—A member of a truss, together with the members meeting It at its ends.

plicity and with safety for most practical tension
members (see the appendix) then s’ and t’ ors/(PI) and
t/(Pl) become indeterminate. These quantities may be
evaluated by the usual methods, and one finds

s_ 1t L
PI—6EI *™ PI~3EI (9b)
Equation (12) applied to the group of members shown
in figure 22 may be written

k i

FiavRE 28,—Three members of a truss forming a triangle.

and
myt+my+ma+. A mp+...Fmp=0,

there can be obtained by simple substitution *®

= 1 (Puly 12112+ +P|ml,m)
P\ tu fim (28)
— L (Puluy Py, +_..Ln£|5)
TP\ in te T it

The method of treating such groups of members as

g (B2 —s )+ (Fudty+1=0 (27) | those designated (a) and (b) depends on whether it is
36.0" 294" v .
< A o442 C__ 006/ E ek o g a6
! 02775 012374 O/287~* 07/237%F SO} v2
\ _5:4‘9”@‘ . .3\_;,53"7 '{‘ -2.68W ~LE62W L _°)$0_I§.;;;f
} KA r‘\ja Noke T .k s * Y o sy -\ =4 o"
I R N 0w S R ‘ﬁ% R BES %%":%E." DA
LR RERS X M B N, NN e
< - 28.0" TN PP | 3
| o on IS 29,57 20.57, poz3E™2 L1 W
e 65672 1464~ e H o%sl” J ez
B .02402°% 1 0/659"4 F 3.55W 2.
432W 4.33W
w O%=i7  O0"%= sqin. 0 a it

F1aURE 24.—Portion of a fuselage.

where p; and #y are the values of p at i and j, respec-
tively, and it is necessary to—determine y; and g in
terms of the loads end the dimensions of the members
of the group. 'The quantities y, and u, depend on the
restraints offered by the members meeting ij at i and at
j and may be found easily by applying equation (12)
to these members. Thus if the member hi is considered
and the value of  at h is put equal to up,;=0, since the
member is supposed freely supported at h, there is
obtained on solving for the value of x at i for this
member
m 1

Plhlh

b

desired merely to check the stability of existing groups
under given loads or whether the groups are to be
designed to carry specific loads. The actual procedure
may be much the same in the two cases. In the first
case the left-hand side of equation (27) or (25) is
computed, whichever one applies, and is compared
with the right-hand side, 0. No simple criteria can be
given for assuring stability by means of such a com-
perison, however, and it is recommended that for a
group like that shown in figure 22 the nomogran:,
figure 7, be used in conjunction with equation (27) to

# The expressions for u; and pj were differently determined in refersnce 15 and
were there called T and 77,
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determine whether a member is stable. It should be
noted that no value of ¢fx>1.4303 must be allowed
to occur in any member ih or jk, because ¢/r=1.4303
represents the condition of one end freely supported
and the other end fixed. For 2 triangular group (fig.
23), care must be exercised in using equation (25)
that no values of ¢fr occur larger than those which
correspond to the lowest critical loading. In the see-
ond case, that of designing members for specific loads,
equation (27) or (25) must be solved for one unknown,
¢, if the other members are assumed to be kmown, or
if more than one member is unknown, the equation
that applies must be solved by trial for such a combi-
nation of ¢'s as will satisfy it. A numerical example

Example: Figure 24 shows in outline a portion of a
loaded chromium-molybdenum-steel truss. Posted on
each member is its length I, cross-sectional area A,
cross-sectional moment of inertia 7, and load P. By a
consideration of the group of members FE, FC, FD,
FH, HJ, HG, and HE, it has been found that thig
group just reaches a mneutral state of equilibrium
when W=1450 pounds. It is desired to check the
other compression members in order to determine
whether they are in stable equilibrium and possibly to
redesign some of them. Only two groups will be con-
sidered here, the group (a) J1, JG, JL,, LK, LI and the
group (b) BC, CD, and DB. It is convenient to
arrange at least part of the computation in some such

will help to clarify the procedure. tabular form as the following:

1 2 3 4 5 ] T g. 10 J1 12 13 14 )1

A I P P W _‘/? $ s t t—gt 101 s P

Member A *VE T x P Pl i
(In} | (sq.fn) | (in.8) {b.) . R in. . -in.
. 27 50 | oy | @omns (Ub-In) | (fb-fa) | (boin)
JI 2.0 0.08457 | 0.002833 | 1,247 19,220 0.0883 863.5 074 3.831 0. 4010 6.510
g .0 .07862 | .005036 0 0 . 0583 1] 0 0 [ © 13.24
JL 2.4 .08236 | .008161 | 2,349 25, 430 . 0583 538. .T0L 2 611 3.829 . Q1900 .16
LE 10.4 - 1079 .006881 | 1,633 15,320 . (583 408, . 5603 1355 -g3u .67
LI 8.7 .07862 [ . 005036 0 Q - 0553 1] [ R [ o 15, 69
BC 42.2 . 1061 01237 2,218 20, 910 . 0583 423 L1042 —2.07 —23 86 —110.8 -01068 | —0. 2784 —8. 925
cD 2.6 . 1061 .01237 —536 —5,052 0883 208. .34 —. 1623 —. 324 L0009 | —. 06784 .0L10L 43.05
DB 32.0 . 16568 .02402 6,264 87,830 . 0559 510. .963 25. 56 7.38 08.73 -00490 1275 7.321

The values of P in the table are obtained from figure
24 with TW=1,450 pounds; the values in column 7 are
obtained from table III; those in column 9 are 1 one-
thousandth of the product of those in Columns 2, 7,
and 8; those in columns 10, 11, and 12 are obtained
from table VII except for member CD; and the source
of the other entries is obvious. It was assumed for
simplicity, and to be on the safe side, that members
JG and LI carried no stress.

If equation (27) is now applied to the group (a),
there is first obtained from equation (2)

£;=0.01900 (6.5104-13.24)=0.3752
p=0.01900 (23.67-+15.69)=0.7478

Now substitute into equation (27) and find

03752 0.7477<X3.829+4 (0.875210.7478} X2.611 +1>0
The group is safe. The design, however, may be
uneconomical and the possibility of redesigning the
member JL is investigated. Any of the other members
or any two or more members might have been con-
sidered. Substitute gy and u, as just found into
equation (27) and solve it for ¢;1 by trial with the aid
of table VII or, more simply, determine ¢y, directly
from the nomogram of figure 7:

This is the value of ¢/x required for the member JL
in order to bring the group (a) into neutral equilibrium.
The velue of ¢fr In the original design is only 0.701,
so that a considerably smaller member JL would be
adequate. Assuming tubular construction, such a

member may be picked from the chart of figure 18 by
entering it at the load P;;=2,349 lb. and the free
length, ecomputed from equation (4)

I, 224 .
lo —E—m—]ﬂﬁﬁ m.
T

It is found that a ¥-in. by 0.035-in. tube would be
satisfactory. Vhether this tube would represent a
practical possibility is, of course, another matter.

If some member of the group other than the member
JL were to be redesigned, equation (27) with the ex-
pressions for p from equation (28) could be solved
directly for the value of t required for the member. The
required value of ¢/x could then be looked up in table
VII in the case of & compression member, or computed
from equation (9a) in the case of a tension member. A
new compression member could then be picked from
figure 18 as just explained. A new tension member
would have to be chosen by satisfying equation (26)
by trial. If more than one member of the group were
to be redesigned, a relation connecting the various
¢/x’s could be obtained from equations (27) and (28)
and this relation satisfied by trial. It would probably
be at least as expeditious, however, to modify one
member at a time rather than two or more simul-
taneously.

Let the second group of members now be considered—
the triangle composed of the members BC, CD, DB.
Proceed in the same general way as with the first group,
that is, compare the left-hand side of equation (25)
with zero. If the determinant is expanded, the values
of 8’ and t’ in terms of E, P, [, s, and t are substituted,
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and the result is divided through by E?®, there may be
written

tno tep ten + tos ) tos + trc )
Pyolso ' Poplep/\Peplcp ' P D:BlDB P D:BZDB P. BCZBC
4-2 Spc8opSDB 8pc’ +
P BClBCP cnlcnp pelps  Pac’lac®\ P cnzcn P DBZDB
SCD +
- Pep lch2 P DB‘DB P. Bclno

_ Spp’ ( )=0
Ppy’lpg® chino Poplen
Substitution from the table gives
0.004375—0.0007816—0.0123940.00001433 -1 0.003766

=—0.005017<0,

The group is safe. The design may be uneconomical,
however, and the possibility of redesigning the member
BC is investigated. Any of the other members or any
two of themn might have been considered. For .the
present purpose it is more convenient to write equation
(29) in the form

1 too +
Pyolpd?

Scp’ N
PBClBO[<PCDlCD PDBlDB) PCD2l®2 ' PDBS DB )] BO
49 ScpfppSEC + (tps’—spr®)ten
P CDZCDP DBI‘DBP BClBO P DBqDBsP CDICD
+ (tcp®—Scp®)tos =0
P CDleD P DBZDB
Substitution. from the table of all values except spc 2and
teo gives after simplification
t:B —Sng +5 366tgc+1 645330"‘6 194=0
Solution of this equation by trial with the aid of table
VII gives for the value of ¢/x required to cause buckling,

$s0_3 799
x

(29)

) (tac’—spc?)

Poplep ' P DB.£DB
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Since this value is greater than the actual value, 1.043,
a smaller member may be picked from figure 18. If, as
before, the free length is determined

I,=20 _23.46 in.
950

T

and the chart (fig. 18) entered with this length and the
load Ppc=2,2181b., a ¥-in. by 0.035-in. tube is found to
be adequate.

It may be noted that when for any member ¢/=
is less than unity, the member has reserve strength
considered as & freely supported column and can act
to restrain the members meeting at its ends. In the
previous example, the values of ¢/« for all the membeors
were less than unity except for the member BC. No
value of ¢/ = greater than 2 is possible if the structure
is to remain stable.

It may happen that the most severe condition of
loading for a given member is not the one that produces
the greatest average compressive stress in the member.
Strictly, then, every member should be investigated for
each condition of loading which produces compression
in it. Practically, however, this procedure will not be
necessary, and if & member in compression is satisfac-
tory for the condition of loading producing tho greatest
average compressive stress in it, it will usually be pos-
sible to tell by inspection whether other conditions of
loading should also be considered.

NATIONAL BUREAU OF STANDARDS,
Washington, D. C., September 9, 1937.

APPENDIX

The simplifying assumption that tension members in
a group carry no load is safe so long as the quantities

— and 3 which occur for these members satisfy the

8
conditions Pl '
Pl — 6EI
e =T @
sinh ¢
nd Pl Pl
~ EI
T 2* ®)
l_tanh ¢ -

respectively. In order to investigate whether these
conditions are satisfied in any given case, it is necessary
to know the value of r for computing ¢. Since no
information concerning + will usually be available for
tension members, it is suggested that the values given
for the same stress in compression be used. It is not
to be expected that the discrepancy will be large. For
r==1 conditions (a) and (b) will always be satisfied,
and for any practical member it is almost certain that

they will be. In case of doubt, for example, extremely
high velues of |P|/4, the simplifying assumption should
not be made.
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TABLE I.—NOMINAL DIMENSIONS OF TUBES AND
RESTRAINTS USED

N

Nomi- -
diameter Radius
orbasie | B8 | Nomi- | NOmIDAl| of gry

round pe nal A o Restraints L
diameter | 0 [ o i
d 3q. 1n. (In.}
(in.) (In.)
ROUND TUBES
Chromium-molybdenum steel
1 0.035 ] 0. 1061 0.3414 | ACHab
14 . 2.0 . 1658 L3808 | ACHab
1....... . 2.9 - 2828 512 | ABDEGab
Duralumin

1o 0.036 28.8 0.10681 0.3414 | ACH
1 .. 058 25.9 .2628 .5102 | ACHab
2} .08 M5 . 3539 .6869 | ACH

) I 0.042 2.8 01264 | 03390 |4

Iq 035 36.7 . 1336 42097 | AF

Ig 035 80.0 . 1886 6085 | A

I 049 357 . 2618 L6016 | A

STREAMLINE TUBES
Chrom!um-molybdenum steel

%ﬁ ....... 0.035 357 | 0.1336 0.2500 | AF

....... . 083 30.1 .6302 4003 T A
Duralumin

%ﬁ_ ...... 0.035 | 357 | 0.1336 0.2508 | AF

_______ .085 38.5 - 4072 5187 | 4
Stalnless steel

h L A 0. 035 387 01336 0.2500 | AF

1 — . 30.6 . 2234 2007 | AP

2. . 058 s . 3530 L4122 | 4

) 0685 8.5 <4972 L8167 | A

Heat-treated chromfnm-molybdennm steel

oo

821 01108 0. 2251
38.8 .3004 4527

AF
AF

i Restraints are
ands, A=0; B=132,
Hm -{51000; restraint at

ted in

, C=233,000

1b.-In. per radian as follows:

lower end only, a=233,000; b=

; D=250,000; E'=330,000;
000,

usal restraints at both
= £10,000; G=451,000;
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TABLE II.—RESULTS OF TESTS ON COLUMNS
ROUND TUBING

Bora Exps Frerry SurrorTED OR RESTRAINED

A .
T | B | AR | e | o - Rl BT [
Specimen ablol-sm 8 ?:%sset. a lz;/A 1t f8 'A’;S Specimen (lblﬂm i‘;:" afm 14 (S TPS
.~{n. per . per .-1n. per . x
mdla.Se it sq. In.} *iVE - mdlan% it sq In.) - z
CHROMIUM-MOLYBDENUM STEEL
1 in. dlameter by 0.03% in. thick. Nominal dfi=28.0
[0F T J—— 223 2.2 90, 910 0. 408 0.917 [0, O 0 59,85 68, 030 L0902 0. G67
[0 T, ) T — 233 43. 656 79,730 707 .805 CA-2 e 452 78.08 44, 080 1. 425 .
134 in. dismeter by 0.04% in. thick. Nominal d/i=28.0
233 4).34 77,960 0.728 0.845 DA-S o 452 70.29 50, 580 1.237 0,548
0 49.78 73,190 .876 703 DA~ s 0 89.85 35, 830 L3582 . 388
0 67.79 55, 780 1183 . 004
114 in. dlameter by 0.058 in. _
451 10.07 87,420 0.334 0. 964 63. 52 52,200 1100 0. 644
330 10.77 86,470 . 838 1. 004 64.30 59, 980 1108 .G33
451 10.08 €0, 250 . 339 972 7508 61, 120 1,120 028
830 19.81 84, 880 L343 . 936 04,12 62,960 1197 .083
250 20, 57 82, 600 . 852 .939 68, 05 56,800 L 174 <Oid
250 2108 82, 850 .876 g0l 72.80 54, 650 1,04 C48
132 26. 42 85, 380 488 . 920 76. 90 42,400 Lt 528
132 26. 45 83, 610 473 . 926 74.70 48, 780 L2885 8541
451 30. 57 81, 540 529 928 75.20 51,700 L34 . 568
451 30.76 87,800 538 i) 75.50 40, 870 1.32¢ 45
330 | 824 82,280 655 .38 75.06 49, 300 L3336 B4
330 32.16 80, 950 563 803 78.28 485, 510 1363 817
4] 82.82 83,430 579 .920 70 44, 500 1.367 400
2] 82,06 86, 240 579 942 78.69 46,210 L3N0 815
250 84.84 86, 020 . 607 . 961 84.65 40, 640 L 474 454
LN 88, 470 .613 . 980 24.32 39, 620 1.477 A2
132 44.38 80, 820 . 788 . 868 87.25 35,390 L4838 A10
451 44.19 76, 340 790 .887 87.77 37,130 1,400 A3
132 44,93 82,870 .801 1 888 88.37 34,070 1. 548 357
451 47,00 82,980 .838 801 80.58 38, 670 1,300 408
330 48,01 74,730 834 87 ¢1.23 33, 680 1. 380 . 383
330 48,89 78.810 .835 . 885 9L.70 32, 700 1. 626 . 361
Q 5121 72,3 .00 790 100.3 28, 330 1,741 .328
1] 5127 74,750 . 9056 .824 100. 4 20,040 L 766 .321
250 82. 58 72,180 .92 .798 1025 27,780 1,781 L817
250 53,40 77, 600 . 850 . 836 102.7 26,320 1.798 . 285
451 60. 13 57,300 . 9586 720 120.3 20,360 1114 .48
451 60.39 64, 060 1061 .703 120.2 20, 720 2. 160 .219
132 62,60 62, 750 1.088 .78 150.0 18, 330 2,604 183
132 62.85 58,820 1,008 . 688 150.2 13,110 2. 643 . 148
DURALUMIN
1 in. diameter by 0.035 in. thickt, Nominal d/¢=28.6
233 21.84 43, 500 0.436 L41 [ 65,34 24, 350 1.304 582
233 41.95 33, 220 837 795 452 6. 44 16,330 1. 525 301
0 50. 74 27, 030 1192 . 647 4] 85.29 14,310 1.702 342
0 59. 84 27, 600 1194 . 602 0 85.32 14, 280 1,702 .
0 65.23 24, 930 .30 596
134 n. dlameter by 0.058 fn. thick. Nominal df=259
0 24.48 0.478 0.958 0 40,04 31,410 1. 006 0.748
V] 20.94 87,0670 597 . ¢ 74.82 18, 780 1.492 453
0 29,97 37,410 . 598 908 0 497 18, 700 L 510 Add
452 32.76 36, 620 . 653 887 4] 99.88 10,740 Lovl . 259
23 ai. 27 35, 730 600 .84 0 90,88 11,370 L2992 . 575
a 39,87 32,840 780 823 1] 118.4 7,520 2.361 . 182
Q 30. 89 32,810 0 118.6 7,400 2,389 176
452 45. 97 30,720 016 JHO - 0 47.7 4,80 2.048 JA17
233 48,76 31, 180 L9738 755 BC-2._.. ———] 0 147.9 8, 800 2 .
0 40.90 30,850 L0085 147 B
2 in. dlameter Ey 0.058 in. thick. Nominal dft=34.5 - _
452 41.38 83,090 0.819 0.801 FA eecciemmmmanamnn | 0 49.9 29,920 0.988 0.726
233 45.36 30, 840 .808 . 749 FA-2 e em —] 452 58.02 25,900 1148 030
STAINLESS S8TEEL
1in. diameter by 0.035 in. thick. Nominal d/¢=28.6
451 25,23 124, 400 0.541 1.034 [4 60. 43 59,870 L 202 0. 501
0 38.52 87, 180 762 .24 [1] 60.381 56, 400 1.204 468
0 86.64 98, 250 762 780 ¢ 78.76 40, 350 1,582 330
0 30. 85 68, 130 1.077 .578 1] 7. 60 26, 260 2004 218
0 §0.22 63, 410 1.077 827 [+ 128.0 16, 470 2,702 137
451 59.12 50,510 L 204 408 . 4
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TABLE II—RESULTS OF TESTS ON COLUMNS—Corntinued
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Endre- | patigof A:;gg" A= | gy :Entrda Inmt- Ratio of A'm‘rme sse hee= o=
Bpectmen W slendec- LA, |Le B 2 Bpectmen . ender- |t L-_‘/E %
. ; . per .~In. per . per iVE
mdian%er bfi sq. in.} * 4 radian) i &]. in.) *
BTAINLESS BTEEL—Contir;ne&
1 In. diameter by 0.063 in. thick. Nominel dft=12.0
HB~T o] 233 80.02 111, 200 0.626 0.974 1] .38 80,080 1322 0.439
HB-9. ¢ 37.87 88,680 179 T Q 77.48 39, 150 LGI6 .343
451 48.34 70, 660 1008 .619 [} 102. 4 2, 530 2 136 - 206
0 52.82 61, 520 1102 589 0 132.2 14,890 2,756 130
1}{ in. diameter by 0.035 in. thick, Nominal df¢=35.7
IG-10m e e — 1] 20.61 114, 800 0.720 0.798 (e U —— 0 40.33 97, 300 0. 981 0.649
j (2. A 233 39.23 97, 180 . 055 648 e o - 1] 45,02 83,080 1.035 554
1} in. dismeter by 0.06% in. thick. Nominal dff=10.2
g T 451 15.89 148, 800 0.333 L311 P S —— [y 78.18 35,650 Lei0 0.318
g2 2 [ - ¢ 88.71 80,120 .812 .71 R I— — 4] 102.6 2,760 2.158 212
134 In. diameter by 0.040 In. thick. Nominal d/#=30.6
EBS8. e ———] 23 18.12 143, 100 0.389 L18 EB T e - 0 75.52 38,310 L2 0.315
I a 87.92 80,710 .814 .738
HEAT-TREATED CHROMIUM-MOLYBDENUM STEEL
11in. dlameter by 0.042 in. thick. Nomiral d#=23.8
i} 24.50 168, 800 0. 604 0.939 [ 49.10 123, 900 L207T Q692
0 20.51 168, 100 .653 .986 14 50.18 85, 320 L4565 477
1] 34.00 184, 800 838 917 ¢ 84.74 72,700 L 592 407
[+] 89.905 168,300 982 .940 ¢ .76 29, 860 2,455 187
440 12.07 1] 52.05 107, 800 1328 0. 580
440 18.44 a 55.02 96, 760 L. 400 .621
0 20.93 0 B4 T8 7,230 Le2 .38
[} 40.08 )] 79.82 47, 250 1.993 <254
0 43.15 ] 129.6 17, 740 8. 245 095
[+] 47.37
13{ in. diameter by 0.035 in. thick. Nominsal dfi=50.0
b3 9. € DI —— 0 19.37 150, 200 1HX-2 1] I 120.8 17, 530 I .......... [ ...........
1HX-23 oot — 1] 45.25 140, 800 ‘Values of S could not be obtained.
13{ in. dlameter by 0.049 In. thick. Nominal d/f=35.7
a 33.02 170,700 0.818 0.930 IHW-2 e 0 70.78 46,810 L9777 0.256
1 38.09 184, 700 <S48 - f U2 N — Q 96.77 31, 560 2.402 173
1] 42.18 157, 100 L8 863
Lower END RESTRAINED
OBEROMIUM-MOLYBDENUM STEEL
1 in. diameter by 0.035 in. thick. Nominal df=28.6
(0.7 0. — — 450 46.90 8, 880 0.858 0.776 (0.7, S ———— _ 233 48.08 77,920 0.877 0.786
114 in. diameter by 0.049 in. thick. Nominal d/f=23.0
DA56 e eeeeeemmeem 450 52.68 63,000 0.927 0. 652 DA-GD. e eimeaee 233 55. 60 66,910 0.979 0726
114 in. diameter by 0.068 in. thick. Nominal dff=25.9
PV ——. -} 450 58.58 65,180 0.994 0.763 PO - S — — 233 63.07 62, 050 LOT1 0.737
DURALUMIN
114 in. dlameter by 0.058 In. thick. Nominal d/f=25.9
BD-3e e — 450 38.07 24,330 0. 746 0.86L BD4 e 33 39.24 23,610 0.787 0.842
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TABLE II.—RESULTS OF TESTS ON COLUMNS—Continued
STAINLESS 8TEEL '
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Podre | Ratigo | Avewage | , o= Endre: | Ratioor | AYOREe | 5 e | ..
Speclmen W slende.- A, (L % % Specimen W slender- abP[A L _l‘_ g _i’g
~in. per X z 1 .~in. . per .
radianrie hit 8(. 1?19)1‘ i rad: Wit ;. in)
1in. diameter by 0.035 {n. thick. Nominsal dft=24.6
GA-10. e aeaoes 450 2L17 132,800 '| 0.484 L 103 GBA.. . 450 a5. 92 82,930 1,410 0443
(2325 SN 238 50.13 68, 820 1072 576
11in. diameter by 0.083 in. thick. Nominal d/i=12.0
HB-10. oL _— 233 24,67 119, 000 0.515 L. 042
13{ in, diameter by 0.035 in. thick. Nominal dff=357
(e S 450 54,26 71,850 1320 0. 479
13¢ In. diemeter by 0.085 in. thick. Nominal ¢/t=10.2
IB=b o ceamcceemeans 238 75.84 30,040 L3591 0.349 -
STREAMLINE TUBING?®
Bore Enps FREELY SUPPORTED OR RESTRAINED
CHROMIUM-MOLYBDENUM STEEL
1.885 by 0.714 by 0.035 In. Noming] dji=$5.7
1CB-48 e 0 85.45 77040 0.630 0.839 0 59.37 60690 1. 049 0.6M
- 1] 89.61 73830 700 801 Q 70.51 39500 1,408 .430
440 4. 91 70990 704 773
A i, - =
3.872 by 1.420 by 0.083 in. Nominal d/=30.1
1CA-L .o 0 58.80 85070 0.998 0.760 10A-3.--._ ___________ - 0 79.74 43870 1.346 0.512
DURALUMIN
1.685 by 0.714 by 0.035 In. Nominal d/i=35.7
1DB~Lo o ce e [1} 36.97 29560 0.722 0. 854 1DB-2. el 0 50,80 21030 1030 0. 695
1DB~48. e cconcemenes 440 46.25 27320 L8396 . 790 B-3_ e a 0. 08 17130 1. 45 425
3.872 by 1.420 by 0.085 in. Nominal djt=38.5
1DC-2 e 0 30.2¢ 20550 0.706 0.844 1DC-8 e e _— Q 70.7 17350 1.434 0.497
1DC-1 e [t} 69.:1.4: 26040 1.064 T4
STAINLESS STEEL
1.685 by 0.714 by 0.035 In. Nomina) d/t=35.7
18B-28. oo | 440 42.48 88100 0.880 0.793 1I8B-1 s 0 09.05 27510 4. 008 0.253
2.028 by 0.857 by 0.049 in. Nominal d/t=30.6
1BD-R o 440 §3.90 87010 1,181 0. 502 LSD-l-_-._T_-.. ............ 0 80.16 41360 1767 0.306
2.097 by 1.148 by 0.058 in. Nominal d/f¢=34.5
18F2a . 0 22,65 110300 0.498 0.887
34.372 by 1.420 by 0.065 in. Nominal dff=38.5
280 e 0 59.32 64460 1.168 0. 585 ..
3 o
HEAT-TREATED CHROMIUM-MOLYBDENUM S8TEEL
1.517 by 0.643 by 0.035 in. Nominal dff=32.1
440 35.00 & 146200 0.841 0.865 IHG-1 a 03.09 76780 1.814 0.439
0 40.48 147400 .71 . 856 IHG-2. e a 76.34 47700 1.908 AT
440 41.48 141800 . 985 822
3.035 by 1.286 by 0.058 in. Nominal d/t=238.8
440 47. 58 115000 1.181 0.682 1HE-2. e ] 0 65.43 71550 1. 557 0.4186
o 49.77 125100 1.184 15 .

¢+ Local fallure.

» Sizes are given by major dismeter, minor diameter, and thickness. Nomingl d/t Is glven for basle round dismetez.
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TABLE III.—VALUES OF r AND é\/—;— FOR CHROMIUM-MOLYBDENUM STEEL

E'=29,800,000 1b. per &q. in.

135

100 [T 10 1 101 [T
P ‘:a-(lig..)pﬂ' T A x Y Er A Fl4 _O'b' )pet T A x ¥ Er a Plé.a fg-.)per v 4 =V Er 4
ol %) o/ oo
0t 32,600 0.0383 49,000 0847 0.0833 85,000 471 0.0850
. X .47 .
1] 1] 18 T o 28
33,000 L 0583 50,000 .82 . 0640 66,000 442 .0878
! 0583 o ,000 810 1w 0648 8 6,000 412 ® 0908 5
34,000 . . 81 81 . I . .
3 1 19 8 a0 35
85,000 996 L0584 52,000 .91 . 0856 68,000 382 0044
992 4 Q585 ! 33 ‘i n 0684 8 69,000 asl 3 0985 a4
36,000 992 . ,000 . . X N .
5 2 22 0 32 45
37,000 987 . 0587 84,000 748 0874 70,000 .319 .1032
] 2 2 10 a2 &8
38,000 .81 .0559_ 55,000 Ry 0654 71,000 R - . 1088
T 2 2 10 32 68
39,000 g4 0581 56,000 105 . 0604 72,000 . 256 . 1156
8 2 z 12 33 83
40,000 . 066 .0583 57,000 682 Wi 73,000 222 .1239
10 3 b s 13 4 106
41,000 .56 . 0598 58,000 .638 0719 74,000 158 L1345
10 3 25 14 24 1
42,000 e . 0509 58,000 . 633 0733 75,000 154 . 1456
11 4 i 4 15 i 201
43,000 . 0803 60,000 . 607 L0748 76,000 120 L1887
13 4 29 17 35 318
44,000 922 . 0607 61,000 081 L0785 77,000 .08% < 2005
13 § 2 18 36 626
45,000 . 008 . 0812 62,000 . 5565 it 78,000 049 <2531
14 ) 28 20 38 2441
46,000 508 . 0617 63,000 .V 0803 79,000 .013 iy
15 5 23 22 13 @
47,000 .880 0622 64,000 499 0828 79,400 3] «
16 5 28 2
43,000 864 . 0827
17 [
TABLE IV.—~VALUES OF r AND %\ E}‘f FOR DURALUMIN
E=10,500,000 Ib. per sq. in.
1= 1 108 1 1w 1
PRBF | = | o) TvVm [ alfl PaAGpr | o |4 o RGP - Al FVE | a
({n./Ib.1/%y b.ymy {n./1b.1/3)
Oto
21,800 1 0.0978 29,000 0.672 0. 1294 38,000 0.169 0.238
9 4 az 37 2 17
22,000 .01 L0982 29, 500 .50 . 1331 36, 500 <147 .
2 14 a2 41 21 21
22, 500 .966 . 0996 34q, 000 508 1872 37,000 126 208
28 4 ai 45 20 25
23, 000 .39 . 1010 30, 500 AT 1417 37, 500 106 301
28 15 32 49 18 30
23, 50 911 1025 31, 0600 445 . 1466 38, 000 058
29 18 30 53 17 a7
24,000 .8582 L1041 31, 500 415 .I519 38.500 Rirgt .368
29 18 3L 59 15 47
24, 500 . . 1059 82,000 384 L1578 30,000 . 056 415
30 19 28 6 14 a2
25, 000 1078 32, 500 355 184 89, 500 042 " v
30 20 20 7 12 &6
25, 500 .79 . 1098 33, 000 .326 171 40, 000 030 .563
21 2% 2 8 10 125
28, 000 .762 L1120 83,500 27 179 40, 500 020 .688
a3l 24 b1 9 8 200
28, 500 .73l L1144 34,000 250 IS8 41, 000 012 -888
82 26 27 0 [} 370
27,000 .699 L1170 34, 500 - 243 .198 41, 500 . 006 1. 258
81 r 2% 12 4 917
27, 500 . 668 1197 35,000 AT 210 42, 000 . 002 2175
a2 80 24 13 3 8129
28.000 . 636 1227 35, 500 L1893 .23 42 500 . 000 8304
32 82 24 1% 0 @
28, 500 - 604 1259 42 700 Q o
82 85
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TABLE V.—VALUES OF r AND 1, }Z,}—r FOR STAINLESS STEEL
=
E'=26,300,000 1b, per sq. in.
e f1 o /1 i1 1
ol RIS S Rt sl VB A FAR ] - 4] AE | s
(n./1b,1) (In./b.1/) {In./lb.r}
y] 1 Q. 0821 42, 000 0.834 0.0680 84,000 0.447 0.0028
¢ 0 15 [}] 21 <]
2,000 1. 000 . 0621 44, 000 .819 . 0483 86, 000 426 0951
2 0 15 6 21 2%
4,000 ] 0621 46, 000 804 . Q692 88, 000 . 405 . 0076
2 1 16 7 23 n
8, 000 008 .0622 48, 000 L7830 . 0699 90, 000 83 .1003
3 1 16 T 22 k)
8, 000 . 903 .0628 50, 000 .13 . 0706 92, 000 . 361 . 1033
3 1 . 17 8 13 3
10, 000 990 . 0624 52, 600 756 0714 4, 000 L339 . 1008
5 1 17 8 23 &
12,000 . 988 .0428 54, 000 739 0722 6, 000 817 . 1103
1 - 2 17 9 - 41
14,000 . 080 . 0627 58, 000 .722 0731 98, 000 . 205 LAL64
[/} 2 18 ¢ 3 47
16, 600 .974 . 0620 53, 000 704 0740 100, 000 214 101
7 2 18 10 23 53
18,000 867 . 0631 60, 000 . 488 0750 102, 000 . 249 1244
7 : 2 - ; 18 - 10 2 ol
20,000 . 980 . 06833 62, 000 . 668 . 0780 104, 000 <220 . 1305
8 8 19 1 2 i
22, 000 . 952 . 0836 84, 000 . 648 0771 106, 000 . 203 . 1371
] 3 19 11 23 85
24,000 . 943 . 0839 - 68,000 . 630 0782 108, 000 . 180 . 1462
10 3 10 12 2 104
28, 000 933 . 0442 68, 000 .61 0794 110, 000 187 . 1508
10 4 20 13 3 130
28, 000 .923 0648 70, 600 .501 . 0807 112, 000 134 . 1626
1 4 20 14 23 m
30, 000 L912 . 0850 . T2,000 b7 .0821 114, 000 Jd1 . 1867
12 4 20 16 z b -13
32,000 . 000 . 0654 - 74,000 . 551 0838 116, 000 .88 L2104
12 4 20 16 24 350
34,000 .§888 0658 76, 000 581 . 0852 118, 000 064 L2464
12 & 21 17 24 &40
36, 000 .876 0663 78, 000 . 510 . 0369 120, 000 040 L8110
13 b 21 18 4 1782
38, 000 . 863 . 0668. 80, 000 . 480 . (887 122, 000 018 . 4803
14 8 21 ) 20 16 o8
40,000 840 0674 82, 000 .408 0007 123, 400 a ©
15 [}] 21 n
) —
TABLE VIL—VALUES OE r AND — % FOR HEAT-TREATED CHROMIUM-MOLYBDENUM STEEIL
E=30,00,0000 1b, per sq. jn.
b1 1 10 1 e
PfA (Ib. per r Pf{A (Ib. per _— P{A (1b. per -
4 = = A T A =V Er A T A rVEr A
8q. m.fe anlo1m Bq. Ln.Sw . 5 sq. in.) anflbim
0to .
108,900 i 0 Q.0681 0 118, 000 . 882 5 .0588 2 129, 000 .880 . . 0019 6
100, 000 1000 0 . 0581 0 119, 000 Nk 6 0588 2 130, 000 853 " . 0628 .
110, 600 1.000 { . 0581 0 120, 000 671 6 0500 2 131, 000 B 2 . 0032 0
111, 000 . 999 L . 0381 L 121, 000 908 . o2 2 132, 000 822 % L0641 10
112, 000 .098 . 0582 122, 000 . 958 . 0504 133, 000 LTOT . 0051
2 [1} 8 2 a8 12
118, 000 096 g .0582 1 123, 000 . 050 0 0508 3 134, 000 .68 ” . 0603 1
114, 000 004 3 0688 0 124,000 41 0 0509 3 136,000 <738 40 0678 19
118, 000 .902 . 0583 135, 000 932 . 0602 138, 000 695 . 0697
3 1 11 4 50 b1g
116, 000 L8890 . 0584 128,000 .521 0606 137, 000 645 OTH
8 1 12 4 (1] 40
117, 0600 .930 . 0585 127,000 509 . 0610 138, 000 .51 0764
4 1 14 £ 101 .|
128,000 .805 L0814 139, 000 478 L0810
15 5 - 478 o
140, 000 0 L]
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TABLE VIL—VALUES OF s, {, AND #2—st

&
S=ing L t=l-zne
é et 3
Interpolation for 8, ¢, and t—s* when 0.90<><1.01 13 not possible, and it will ba sufficfently sccurate to take B0 t-__-f and {2—ste —¢ Btmilarly, interpolation
1 L3 L x 1 x
for s and t when 1.99<$<2.00 is not possible, and then with sufficfent accuracy s= éi and fe= ié-
L 3 2 2 T
éfr $ s t t2—5? éir & t fi—g?
Q 0 4] 0 [
.0l . 03142 . 00016 - (0033 . 00000 87 273319 5.8520 7.3160 18.929
.02 . 062583 . 00066 . 00182 . 00000 .88 2 78180 6. 5100 T.9326 21.342
.03 . 00425 . 00148 . 00296 . 00001 .89 i 7.2542 7662 24.223
.04 12566 . 00264 . 00327 . 00002 .90 2 82743 81458 0.7018 27.709
.05 . 15708 . . 00824 . 00005 .91 9. 2471 10.840 32.002
.00 . 18850 . 00595 . 01187 . 000LL .02 10.622 13257 37.404
. . 21091 . 00811 01617 - 00020 -93 2.92168 12 393 12071 44.302
. . 25138 . 01061 . G214 . 00033 -9 2 05310 14.760 16.481 53. 760
. . 28274 . 01345 . 02870 « 00054 -85 18.073 10.843 65.938
.10 31418 . 01664 . . 00052 .96 3. 01503 23.063 24874 88.778
.11 . 345658 . 02018 - 04013 - 00120 .87 3. 04734 31.381 33.238 110. 95
.12 .57699 . 02400 - 04783 - 00171 .96 3.07876 48 (32 40. 935 186. 16
. 40841 . . 05523 - .99 3.11018 93.016 90. 967 356.29
.14 . 43082 . 03208 . 00218 Lo 3. 14159 +a E +eoo
.16 47124 . 03709 07514 . 00420 Lol 3.17301 —102. 03 —09. 967 —414. 04
.16 . 50265 < 04339 . - 00548 Lo2 —52. 034 —40.933 —214.20
17 < 83407 <017 . 00684 . 00638 L@ 8.23584 —35. 384 —33.232 —147.70
.18 . 56640 . 05538 . . 00880 Lod 3. 26726 —327. 089 —34. 863 —114. 54
.19 . 59690 < 08195 .12168 . 01087 L06 20867 -—22. 087 —19.827
20 . 62832 - 06836 . 13519 - 01352 L6 - % —18.772 —16. 457 —~8L M7
.21 . 65073 . 07840 .1 . 01651 Lo7T 3. 36150 —16.410 —14.039 —Td.1
.22 . 69115 08429 . . 01087 Log 3.30202 —14. 643 —12.213 —63.227
.23 . T2257 . . . 02397 Lo 3.42434 —13. —10.787 —50. 847
24 . 75398 10143 . 19709 . 02858 L10 3. 43578 —12.183 - —88.
.25 . T840 . - 21480 . 03879 L1 3. 48717 —11.296 —8. 6860 —52.121
.28 . 81681 . 12051 . 23208 . (8075 L12 3. 51858 ~10. 558 —T7.8869 —40.271
.27 . 845823 . . 25218 . 04649 L1s 3. 55000 —9, 9387 7. 2036 —48, 887
.28 87965 . 14184 . 27220 - 05408 L14 3, 58142 —0.4114 —6.6109 —44. 871
.2 . 91106 . 15302 . 20331 06282 L15 3. 01283 —8.9579 —4.0908 —43.150
. - 94248 . 16407 . 31525 . 07287 L1i6 3.64425 5645 —8. —41 687
.81 . 97388 17751 . 4 . (08288 L7 3. 67566 —5. 212 —i0. 382
. L 00531 - . 86201 . 0470 L18 3. 70708 —7.918% —4 8414 —39.262
. 103873 . . 38688 - 10788 L19 3. 73850 —17.8511 —4. 5010 —38.281
34 1. 08814 . 21801 .41278 12247 L20 3.70991 —T7.4138 —4. 1883 —37. 417
. L 09958 . 3406 43976 «13859 Lal 3.80133 =T.2021 —3. 0008 —26. 658
. 1. 13097 . 24963 . 46780 .156837 L22 3. 83274 —7.0129 -3, 6330 —35.082
.37 1. 16230 . . 40609 . 17508 L2 3.88416 —8.8432 —3.3830 —36.384
. 1. 19381 . 25807 . 52734 19745 L.24 3. 895587 -8. 8507 —3. 1484 —34.85¢
.39 1. 22522 . 30221 . . 22103 L2 3. 02699 —8. 5538 —2.9270 —34.382
.40 1. 258684 .32131 . 50169 . L8 8.95841 —~8. 4301 —2.7172 —33. 964
.41 1. 28805 .34131 . 62570 . 511 Lzr —48.3120 —2. 5176 —83. 52
.42 131047 .38227 .86122 . 30597 L2§ 402124 —4.2189 —33.261
.43 38122 . 63804 . L29 4, 05285 —8. 1280 —2.1436 —32. 940
. 185230 40723 . 73631 .87632 L30 —8. (432 —1.9673 —32.711
. L4372 43134 . T7609 L3l 4. 11549 -5 9759 —1 7569 —32.483
.46 L 44513 . 45862 81744 -45970 L32 4. 14800 -5. 9116 -1 8317 —32.283
4T L 47855 48813 . . 50082 188 4, 17832 —35.8543 —L 4711 —32.100
.48 150708 . 51095 .90513 . 55819 L34 4 —4& 8040 —L.38143 ~3L.958
.49 1.53938 . 54014 05162 . 61384 L35 4, 24118 —5. 7600 -—1.1610 —3L.829
.50 1. 57080 67030 1 .67419 1.36 4, 27257 —5.7220 -L —3L 720
.51 1, 60221 . 60300 . 7306 La7 4.30398 —&. 6897 8625 —3L.62¢
. 1.63363 63688 1.1028 .8105 1.38 4, 33540 —35. 6628 —0.7165 —3L 554
.58 1. 68504 677 1. 1574 -887 L3% 4. 36681 —5. 6412 —31.496
54 1. 69648 . 70394 1. 2143 . 9705 140 4.39823 —5.6246 —0.4291 —3L 452
.55 L7%488 . 78041 1. 2737 L 0606 L4L 442985 —5.6128 —0. —3L 421
.58 175929 .79102 1.3388 1. 168L 1.42 4, 48108 —35. 6058 —{. 1454 —3L 4B
.57 L79071 . 83490 1. 4008 1.2637 L43 4. 40248 &, 6033 —0. 0052 —38L. 397
.58 L.§2212 .88123 1.4878 13780 Ld4 4, 52339 —&. 6063 Q.1370 —3L 403
.58 1.85354 . 93018 1.5385 1. 5018 L45 4. 55381 —&. 6121 0. 2785 —3L 418
.60 1. 83406 . 68196 1.68125 1.6338 148 -5, 6232 0, 4206 —3L 443
.6 1.91637 103678 1. L7810 147 4.61814 —5.6387 0. 5635 —3L 48
.62 L.04779 L 0490 L7712 L0383 148 4. 64058 —4. 6588 0. 7078 —3L 521
.63 L 97920 1. 156857 1. 2.1069 L49 468097 -5, 6833 0.8529 —3L 672
.64 2. 01062 1.22210 19481 2. 2939 L.&0 4, 71230 —5.7124 1 —3L63L
.65 2. 04204 I.20183 2 2.4947 L6l 4, 74380 ~% 7461 1. 1491 633
.65 2. 07345 1.36613 2.1399 2.7128 L& 4, TI522 ~-B. TBAT L 3004 —=3L 771
.67 2, 10457 144541 2. 2448 L3 4. 806864 —35. 8281 L —3L 851
.08 2.13628 1. 53016 2.3557 3. 2081 L4 4, 83805 ~5. 8785 Lelz2 ~3L W7
.09 2.16770 L 62000 2.4732 3.4802 L&5 4. 86047 —8. 9302 L7712 —32.030
.70 219911 1.71828 2 5978 3, 7858 L5 £, 50088 ~b5. 8898 L o349 —32. 127
.7 2 23063 182290 2. 7302 4 L&7 4. 93230 —6. 0540 —-32.231
.73 2.26185 1.93564 2.8712 4. 1974 168 4.96372 —6. 1247 22745 —32.
.73 2. 20336 2, 05736 3.0218 48000 L5 4. 60513 ~—8, 2017 2, 4512 -3
T4 2.32478 2.18918 3.1831 5. 3399 L& 5. 02658 —6 2,6332 —32.570
.76 2.366819 2.33216 3.3582 5. 8251 LeL 5. 06796 —G6. 3758 2.8210 —32.
.76 2 38781 2. 4570 5425 43601 L&2 5. 08938 —6.4738 LR —32.818
2. 8579 3.7438 6.0518 L63 §.12080 —6.5797 3. 2160 —32
8 2. 45044 28443 3.0621 7. 6081 L64 &. 15221 —4. 6041 3.4244 —38. 085
¢ 2. 48186 8. 0483 4.1598 8.3882 L65 —6.8177 3. 6412 =323
80 2 51327 3. 2758 4, 4502 9, 1536 L1668 8. 21604 —4 0512 3. 8670 —83.365
81 2. 54489 8. 5272 4, TH44 10.068 L&7 5. 24648 —7.0053 4.1027 —33. 510
82 2.57611 3.8077 11.068 L.63 5.27788 —7.2510 4.3404 —33. 650
.8 2 60752 4.1224 5. 4001 12. 2684 1.69 5. 30029 —T7.4198 46082 —33.811
84 2. 63394 4, 4778 5.8002 13. 562 170 5. 84071 —7.6016 4 8508 —33. 966
85 2.67035 8320 6. 2400 16.116 L7L 5.87212 —7. 5.1670 —34.123
88 2.70177 5. 3455 0. 7416 16.874 1.72 6. 40354 —8.0129 5.4702 —34 284
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TABLE VIIL—VALUES QF s, t, AND t*—s*—Continued

& ¢ El £ t1—st @i 6 g t tr—at

1,73 5, 43406 —8 2485 5.7916 —34. 447 187 5. 87478 —15. 702 14. 570 -30. 04§
L7 5. 46837 —8, 4088 6.1333 —384 d13 188 5.00619 —17.044 15,017 —37.134
L7 5. 49779 —8. 7760 6.4978 —34, 780 189 5. 93781 —18. 524 17. 402 —§7. 328
1.76 &. 52020 —0.0772 6. 8880 —34. 050 L9 5.98 —20.318 10.371 —37. 520
L7 5. 56062 —9. 4085 7.3073 123 LO1 6. 00044 —32. 508 21, 654 -37.718
L78 5. 658203 —0.7720 7. 7506 —35. 207 Lo2 0.03188 —25. 256 24. 463 —37. 007
179 5. 62345 ~10. 176 8. 2487 —~35. 474 Le3 a. 0632 —28. 705 28.128 -~35.102
1.80 5. 65487 —10.621 7838 —35. 862 1.04 6. 00469 —33. 528 849 —38.

181 5. 68628 -1..118 . 3671 ~35. 832 1.08 6. 12611 —40. 161 30,070 ~38. 494
18 5. 71770 —1L 671 10. 010 —36. 014 1.96 6. 16762 —50. 49, 742 —38.0%0
1.83 5. 74011 —12.204 10.721 —36.188 197 6. 18894 —60. 7 06,472 —29. 857
184 5. 78053 —12.999 1L 516 —36.383 1.98 6. 22035 —100. 07 99. §70 —30. 085
1.8 5. 81196 —13.802 12, 407 —38, 569 1.99 6.25177 —200. 03 199.93 —30. 281
1.8 5. 84336 —14, 724 13. 418 —36. 757 2.00 6.28319 —o o —29.478




